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Department of Physics and Astronomy, University of Turku, FI-20014 Turun yliopisto, Finland
We address the statistical orthogonality catastrophe induced by a local quench in the Aubry-Andre´ model
from the perspective of nonequilibrium thermodynamics. We study the average work and the irreversible work
production when quenching the impurity potential in proximity of an orthogonality event. We show how this
description is able to capture the level crossings generating the orthogonality and the avoided crossings which
causes the plateau-like structures, signature of the Aubry-Andre´ spectrum, when considering the full statistics
of orthogonality events.
I. INTRODUCTION
Introducing a small perturbation in a many-body fermionic
system can give rise to a rich plethora of phenomena. One of
the more striking effect is the phenomenon referred to as An-
derson Orthogonality Catastrophe (AOC) [1]. In a nutshell,
the phenomenon consists in predicting a power law decay,
in the system size, for the overlap between the many-body
ground states of a system of non-interacting fermions with
(|Ψ0(ǫ)〉) and without (|Ψ0〉) an impurity potential, namely
F ≡ |〈Ψ0|Ψ0(ǫ)〉| ∼ L−α, (1)
where ǫ denotes the perturbation strength and L is the size of
the system. The consequences of AOC are witnessed in dif-
ferent areas of physics such as the singular behaviour of the
energy excitation spectra, revealed, e.g., by x-ray photoemis-
sion spectroscopy [2] or the Kondo effect in graphene [3]. In
the past few years, the phenomenon has found a new and fer-
tile ground of studies in the controllable domain of ultracold
trapped gases [4–7]. More recently, a new idea of a statisti-
cal orthogonality catastrophe (StOC) has been introduced for
insulating systems [8–10]. Specifically, this form of orthogo-
nality catastrophe was highlighted studying the effect of local
perturbations on the Anderson insulator and on the localised
phase of the Aubry-Andre´ model, both sharing exponentially
localised single-particle eigenstates. In these two cases it has
been found that the typical wave function overlap decays ex-
ponentially with the system size
Ftyp ≡ exp(logF) ∼ exp(−γL), (2)
where the bar denotes an average over different realisations
of the Fermi system: in the case of the Anderson insulator
the average is taken over random realisations of the disorder
while in the Aubry-Andre´ the average is taken over random
realisation of the phase factor. In [9] was also shown how the
phenomenon persists also in presence of interaction between
the fermions in the lattice.
II. ORTHOGONALITY CATASTROPHE IN
AUBRY-ANDRE´
In this work we consider exclusively a one-dimensional gas
of spinless fermions trapped in a quasi-periodic optical lattice,
known as Aubry-Andre´ model [11–15], and described by the
following Hamiltonian
HˆAA = −J
L−1∑
i=1
(aˆ
†
i+i
aˆi + aˆ
†
i
aˆi+1) + ∆
L∑
i=1
nˆi cos(2πβi + φ), (3)
where J is the hopping parameter, ∆ the the strength of the
on-site potential, β is the ratio between the frequencies of the
two optical potentials generating the lattice, φ is an arbitrary
phase, and L is the number of lattice sites. The hopping pa-
rameter and the on-site potential can be derived from the local
forces and potentials acting on the atoms [16] and it is the
interplay between these two that determines the phase of the
system. In fact, when β is irrational, for ∆ > 2J the model
shows a transition from delocalized to localized single parti-
cle eigenstates. Therefore, when compared with usual Ander-
son localisation, in this setup localisation emerges in a fully
controllable and tunable way as successfully proven experi-
mentally [17–19]. We take β = 1+
√
5
2
and consider exclusively
the localised phase of the model. The system is perturbed by
introducing a local impurity into the Hamiltonian through an
on-site potential. As a consequence, the total Hamiltonian be-
comes
Hˆ(x, ǫ) = HˆAA + ǫaˆ
†
xaˆx, (4)
where ǫ is the strength of the impurity potential and x is the
index labelling the site to which the perturbation potential is
added. We define the ground states overlap by taking into
explicit consideration the lattice site x to which the impurity
is coupled and the strength of the perturbation as
F(x, ǫ) ≡ |〈Ψ0|Ψ0(x, ǫ)〉|, (5)
where |Ψ0〉 and |Ψ0(x, ǫ〉 are the ground states of the Hamil-
tonians in Eq. (3) and Eq. (4) respectively. Throughout this
work every ground state considered is calculated at half fill-
ing, meaning that the number of fermions in the system is half
the number of lattice sites.
What it is found is that for certain realisations F ≃ 1, while
for certain others F ≃ 0, already at finite size. This peculiar-
ity is the reason why this form of orthogonality catastrophe
has been dubbed as statistical. Interestingly, the statistics of
orthogonality events, when explored as a function of the per-
turbation potential, is able to highlight the unusual features of
the Aubry-Andre´ spectrum. For this purpose it is convenient
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Figure 1: Panel (a): single-particle eigenstate with no occupied neighbours localised at site x0 and lowest energy unoccupied state localised
at site x f . Panels (b) and (c): level crossing and fidelity when perturbing the site x0 as a function of the perturbation potential. Panel (d):
occupied nearest neighbours eigenstates localised at sites x0 and x1. Panel (e): avoided crossing when perturbing a site with an occupied
neighbour; in dashed red and solid green the energy of the states localised on the different sites; the different pairs of curves correspond to
J/∆ = 0.1, 0.05 and 0.01, which determines the gap of the avoided crossing. Panel (f): probability σ that the ground states with and without
impurity become orthogonal; σ, calculated with δ = 10−2, is displayed versus ǫ/∆ for J/∆ = 0.01, 0.05, 0.1 in dotted blue, dashed red and
solid green respectively. Panel (g): fidelity of the two ground states with impurity placed at site x0 of panel (a) with strength ǫ and ǫ + δǫ,
where δǫ ≃ 2 · 10−3∆. In all the panels the lattice consists of 150 sites.
to introduce a function able to quantify the amount of orthog-
onality events, i. e.
σ(ǫ) =
1
L
L∑
x=1
θ(δ − F(x, ǫ)), (6)
which, to some extent, can be interpreted as the probability
of obtaining an orthogonality event when averaging over the
position of the impurity potential. δ in Eq. (6) is a tolerance
value within which we define two many-body wavefunctions
to be orthogonal. From an operative point of view this toler-
ance value is needed to distinguish between the cases in which
F ≃ 1 and F ≃ 0.
Previous works have outlined how in the presence of an or-
thogonality event the system witnesses a change in the ground
state equilibrium density, with a particle occupying a different
site in the lattice in the perturbed and unperturbed configu-
rations [8–10]. Being the system localised the arrangement
is due to the fact that the impurity, altering the energy of the
perturbed site, makes a different state, localised on a different
site, energetically favourable.
Within this framework we can distinguish two cases. In
the first case the impurity perturbs an occupied site, labelled
as x0, with no nearest neighbours occupied. Increasing the
strength of the perturbation lead to an increase to the energy
associated to the state localised to this site, defined as E(x0).
Therefore, an orthogonality event occurs whenever a state, lo-
calised at x f and with energy E(x f ), becomes energetically
favourable to be occupied. In other words, the orthogonal-
ity is achieved when the two states, as effect of the perturba-
tion, undergo a level crossing, i.e. E(x0) > E(x f ). This level
crossing implies a non-local ground state density rearrange-
ment given the fact that, as seen in panel (a) of Fig. 1, the
two corresponding eigenstates are, in general, spatially sepa-
rated. Then, as a consequence of the orthogonality event, a
fermion can be adiabatically moved to a different site in the
lattice by means of a local perturbation. On average, this dis-
tance is found to scale linearly with the system size and not to
be affected by the localisation length [9, 10]. Panels (b) and
(c) of Fig. 1 summarises this explanation of the orthogonality
catastrophe showing how E(x0) increases when increasing the
perturbation potential and the ground state fidelity undergoes
to an abrupt change in proximity of the aforementioned level
crossing. When the perturbed occupied site has an occupied
neighbour, as in panel (d) of Fig. 1, let’s call it x1, with E(x1)
its related energy, the phenomenology is slightly modified and
the mechanism that generates an orthogonality event changes.
Althoughwe are considering the localised phase of the Aubry-
Andre´ potential the impurity is able to modify both E(x0) and
E(x1) giving rise to an avoided crossing because of the non-
zero tunnelling. Whenever one of the two is now greater than
E(x f ) an orthogonality event is obtained. Panel (c) of Fig. 1
shows as for bigger J the level crossing generating the orthog-
onality is achieved far smaller values of the perturbation. It is
worth to point out that for the sake of discussion we have la-
belled the occupied sites as x0 and x1 but, especially close to
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Figure 2: Average work done (a-b-c) and Irreversible work (d-e-f) produced during an infinitesimal quench of the impurity potential. Panel
(a-d), (b-e) and (c-f) correspond to the cases in which the impurity is placed in an occupied site with no occupied neighbours, in an occupied
site with an occupied neighbour, and the occupied site neighbour to x f respectively. J/∆ = 0.1, 0.05 and 0.01 are displayed in dotdashed green,
dashed red and dotted blue respectively. The gray curves in (b-c) and (e-f) are obtained plotting the average work defined in Eq. (12) and the
irreversible work defined in Eq. (13). The dashed gray vertical line in (e) and the solid gray vertical line in (b-e) correspond to ǫ = V0 −V1 and
ǫ = V f − V0 respectively.
the avoided crossing or when the difference between the val-
ues of the on-site potential is smaller than the tunnelling J,
the two states are actually delocalised on the two sites. It goes
without saying that in this case we are also considering the
perturbed site to have a lower energy than its neighbour.
The full statistics of orthogonality events, averaging over
the perturbation position, can be studied trough the σ(ǫ) func-
tion defined in Eq. (6). Panel (f) shows how the function
accounting for the amount of orthogonality events increases
monotonically for increasing values of the perturbation. How-
ever, we can notice the emergence of a plateau-like structure
with amplitude of order 2J. This feature is originated by the
avoided crossing mechanism which induces a level crossing
with the free state at lower values of the perturbation when in-
creasing the kinetic term. The plateau-like structure is related
to the specific properties of the Aubry-Andre´ spectrum and its
gap, which guarantee that states on opposite sides of the prin-
cipal gap of order 2J are nearest neighbours [10, 13], or rather
delocalised on neighbouring sites.
III. AVERAGE WORK AND IRREVERSIBLE WORK
PRODUCTION
The picture describing the statistical orthogonality catas-
trophe in terms of level crossings naturally suggests to ap-
proach the phenomenon using the tools from quantum ther-
modynamics and treating it, effectively, as a quantum phase
transition. Recently, tools from quantum information, such
ground state fidelity or fidelity susceptibility, and quantities
from non-equilibrium thermodynamics such as average work
and irreversible work have been used in synergy in order to
explore quantum phase transitions [20–27] and Fermi gases
quenched by local impurities [28]. The role of these thermo-
dynamic quantities in the studies of quantum phase transitions
at zero temperature is easily understood once the connection
with the the derivatives of the ground state energy is estab-
lished [21, 25]. In all these cases the quench under investi-
gation is an infinitesimal change of the parameter driving the
phase transition. Therefore, it is crucial to see what happens
when the impurity strength is quenched by an infinitesimal
amount. For this purpose we define the fidelity
F(x, ǫ, δǫ) ≡ |〈Ψ0(x, ǫ)|Ψ0(x, ǫ + δǫ)〉|, (7)
which represents the overlap between the ground state of the
two Fermi systems with strength of the impurity potential dif-
fering of an infinitesimal amount δǫ. The two ground states
overlap of Eq. (5) and Eq. (7) behave in a dramatically dif-
ferent way. Indeed, when increasing the impurity potential
strength ǫ the overlap of Eq. (5), as displayed in panel (a) of
Fig. 1, shows a sharp transition at the level crossing. Instead,
the overlap of Eq. (7), as displayed in panel (g) of Fig. 1,
results in F ≃ 0 only in correspondence of the level cross-
ing. Our goal is to understand then what information we can
get from a thermodynamic approach, based on quantifying the
average work and the irreversible work, when such a quench
is performed in proximity of this ”critical” point.
The average work done on a quantum system during a sud-
den quench is given by the average on the initial state of the
difference between final and initial Hamiltonian [29]. For an
4Hamiltonian written as Hˆ(ǫ) = Hˆ0+ǫVˆ the average work done
associated to a quench in ǫ, from an initial value ǫi to a final
one ǫ f , at zero temperature is
〈W〉 = 〈Hˆ(ǫ f ) − Hˆ(ǫi)〉 ≃ δǫ
∂EGS (ǫ)
∂ǫ
∣∣∣∣∣
ǫi
, (8)
where δǫ = ǫ f − ǫi. The last equality which connect the av-
erage work to the derivative of the ground state energy EGS
is obtained by considering δǫ to be small, allowing us to use
Vˆ = ∂Hˆ(ǫ)/∂ǫ and the Hellmann-Feynman theorem [21]. The
irreversible work produced during the quench is obtained by
subtracting the free energy difference to the average work
[30], giving
Wirr = δǫ
∂EGS (ǫ)
∂ǫ
∣∣∣∣∣
ǫi
− EGS (ǫi) + EGS (ǫ f ) ≃ −
δǫ2
2
∂2EGS (ǫ)
∂ǫ2
∣∣∣∣∣
ǫi
,
(9)
where again the last equality holds in the case of sudden in-
finitesimal quenches. In the case we are studying is trivial to
see how the average work done on the system when quench-
ing the impurity potential on a fixed site is proportional to the
equilibrium occupation of the quenched site, i. e.
〈W〉 = δǫn(x, ǫ), (10)
where n(x, ǫ) = 〈Ψ0(x, ǫ)|nˆx|Ψ0(x, ǫ)〉.
IV. ORTHOGONALITY CATASTROPHE AND WORK
STATISTICS
In this section we present the results obtained by calculating
the average work done and the irreversible work production
produced during sudden and infinitesimal quenches of the im-
purity potential added to the Aubry-Andre´ Hamiltonian. We
focus our attention on three possible positions for the impu-
rity. They represent all the possible cases obtainable when
perturbing a system of fermions trapped in a quasi-periodic
potential at half filling with a local quench. In the first case,
the impurity is placed in an occupied site with no nearest
neighbours occupied. In the second case, the impurity is place
in an occupied site with an occupied nearest neighbour. The
third case corresponds to the unique case in which the im-
purity is placed in the occupied site nearest neighbour of the
lowest energy unoccupied site of the Hamiltonian without the
impurity.
Panels (a), (b) and (c) of Fig. 2 display the average work
done in the aforementioned three cases respectively. The aver-
age work done captures in all the three cases the change in the
occupation of the quenched site at the level crossing. Reduc-
ing the hopping factor J the transition gets sharper and sharper
in the cases of quenched site with occupied neighbours and
quenched site nearest neighbour to the lowest energy unoc-
cupied site. In the limit J → 0, after the level crossing, the
occupation of the perturbed site and the average work vanish.
We proceed displaying in panels (d), (e) and (f) of Fig. 2
the irreversible work produced in the same three cases. In-
terestingly, the irreversible work is able to capture both the
level crossing and the avoided crossing. In detail, in panel
(d) of Fig 2 is shown the irreversible work when perturbing a
site with unoccupied neighbours. In this case the irreversible
work is discontinuous, as expected at the level crossing, and it
is unaffected by different tunnellings, as soon as we remain in
the strongly localised phase. Panel (e), corresponding to the
quench of a site with an occupied neighbour, displays more
interesting features. The irreversible work is discontinuous
at the level crossing, between E(x1) and E(x f ), and at the
avoided crossing, between E(x0) and E(x1), it displays a lo-
cal maximum. By reducing the tunnelling J the discontinuity
moves to bigger values of the perturbation, in line with the
shift displayed in panel (f) of Fig. 1. It is worth to recall that
when we quench a site with an occupied neighbour we con-
sider to place the impurity in the site with the smaller value
of the on-site potential, corresponding then to the state with a
lower energy in the single-particle spectrum. The role of the
avoided level crossing can be further corroborated by intro-
ducing an effective two level system to describe these many-
body thermodynamic quantities. Let us define the two level
Hamiltonian
Hˆ2(ǫ) =
[
V0 + ǫ −J
−J V1,
]
(11)
whereV0 = ∆ cos(2πβx0+φ) and V1 = ∆ cos(2πβx1+φ) are the
values of the on-site potential on the quenched site x0 and its
nearest neighbour x1. By calculating the ground state energy
of the simple model in Eq. (11), and using the expression
given in Eq. (8), we find that the average work done is
〈W˜〉 = δǫV1 − V0 − ǫ +
√
4J2 + (V0 − V1 + x)2
2
√
4J2 + (V0 − V1 + ǫ)2
. (12)
With a second derivative in the impurity potential strength of
the ground state energy of Hamiltonian in Eq. (11), as in Eq.
(9), we find the irreversible work produced during the sudden
quench to be
W˜irr = −
δǫ2J2(
4J2 + (V0 − V1 + ǫ)2
)3/2 . (13)
The two-level description provides an optimal fit after the dis-
continuity as depicted by the grey curves in panels (b) and
(e) of Fig. 2. A particular and unique case is when the per-
turbed occupied site is the neighbour of x f , the lowest energy
unoccupied state of the Hamiltonian without the impurity. In
this case the irreversible work does not present any discon-
tinuity and at non-zero tunnelling the average work and the
irreversible work are completely and perfectly described by
the expressions in Eq. (12) and Eq. (13), with x1 = x f , as
displayed with the grey solid curves in panels (c) and (f) of
Fig. 2.
Finally, to better compare the thermodynamic approach
to the full statistics of orthogonality events we consider
now to perform the average over the position of the im-
purity in the lattice. The average work done and the ir-
reversible work become 〈W〉 = 1/L∑Lx=1 〈Ψ(x, ǫ)| Hˆ(x, ǫ +
δǫ) − Hˆ(x, ǫ) |Ψ(x, ǫ)〉 and consequently W irr = 〈W〉 −
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Figure 3: Panel (a): average work averaged over the impurity position, and in solid green, dashed red, and dotted blue are displayed the results
for J/∆ = 0.1, 0.05 and 0.01, respectively. Panel (b): the irreversible work averaged over the impurity position, and in solid green and dotted
blue are displayed the results for J/∆ = 0.1 and 0.01, respectively. Panel (c): irreversible work produced for the case in which the impurity
is placed in a site with an occupied neighbours for different lattice sizes, namely Ns = 150, 300, and 450 in green, red, and blue, respectively.
The vertical lines in (a) and (b) are at ǫ = V f − V0. The vertical line in (c) is at ǫ = V1 − V0.
1/L
∑L
x=1(EGS (x, ǫ) − EGS (x, ǫ + δǫ)), where EGS (x, ǫ) is the
many-body ground state energy of Hamiltonian in Eq. (4) at
half filling. This mean average work for ǫ = 0 coincides with
the filling factor when divided by the infinitesimal amount δǫ,
and in our case we obtain 〈W〉/δǫ = 1/L∑Lx=1 n(x, 0) = 1/2.
By increasing ǫ the average work decreases and in correspon-
dence of the plateau of the σ function, as in panel (f) of Fig.
2, we witness the emergence of a region in which the work
decreases with a different slope as depicted in panel (a) of
Fig. 3. More interesting is the behaviour of the mean irre-
versible work. In fact, it reveals all the discontinuities related
to all the possible level crossings induced in the single parti-
cle spectrum, with the developing of a region with no peaks,
as shown in panel (b) of Fig. 3. This region of no peaks
is the analogous of the plateau of panel (f) of Fig. 1 and
beautifully captures the fact that in this range of interaction
no level crossing is induced. By reducing the tunnelling the
region shrinks and its centre coincides with the difference of
the on-site potential between the lowest energy unoccupied
site and its occupied neighbour, i.e., at half filling, it is found
ǫ = V f − V0 ≈ ∆| sin(2πβ)|.
To conclude this section, it is worth to discuss the role of
the lattice size in these thermodynamics quantities. We have
found, as expected for a localised system with a gapped spec-
trum, no noticeable changes for the single site realisation. In
fact, panel (c) of Fig. 3 shows a perfect overlap for the irre-
versible work produced when quenching the same single site
with an occupied neighbour for increasing values of the lattice
length in the range of sizes considered. Further increasing the
size will eventually result in a different energy for the lowest
energy unoccupied state, i.e E(x f ). On average, and for big-
ger sizes, at half filling E(x f ) ∼ 1L . Furthermore, when the
lattice size is increased an increasing number of discontinu-
ities can be witnessed in the irreversible work when averaging
over the impurity position. This behaviour signals the fact that
increasing the number of energy levels in the occupied spec-
trum consequently, and unsurprisingly, increases the number
of possible level crossings.
V. CONCLUSIONS
In this work we have employed an approach based on ther-
modynamic quantities, such as average work and irreversible
work production, to characterize the novel phenomenon of
statistical orthogonality catastrophe in the localised phase
of the non-interacting fermionic Aubry-Andre´ model. To
this purpose, we have considered sudden and infinitesimal
quenches of the impurity potential. In this framework the
ground state overlap vanishes only at the level crossing be-
tween the modified energy of the perturbed site and the en-
ergy of the lowest energy unoccupied state of the unperturbed
Hamiltonian. Both average work and irreversible work are
able to signal the level crossing with an abrupt change, but the
irreversible work is also able to witness the avoided crossings
induced when quenching an occupied site with an occupied
neighbour. Furthermore, the description of the avoided cross-
ing mechanism can be further corroborated by the description
in terms of an effective two-level system model.
To conclude, we have shown how a non-equilibrium ther-
modynamic approach, usually employed to the study of quan-
tum phase transitions, can be applied to study the statistical
orthogonality catastrophe and it is able to reveal new insight
on the rich physics obtained when quenching with a local im-
purity an Aubry-Andre´ Hamiltonian. Beyond the fundamen-
tal interest, this critical behaviour around the orthogonality
catastrophe ”critical” points might be harnessed to design an
impurity driven quantum Otto engine, for which it has been
proven how a working substance close to criticality can lead
to improved and enhanced performances [31].
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